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We investigate the origin of Paris's law, whih states that the veloity of a rak at subritial load
grows like a power law, da/dt ∼ (∆K)m, where ∆K is the stress intensity fator amplitude. Starting
from a damage aumulation funtion proportional to (∆σ)γ , ∆σ being the stress amplitude, we
show analytially that the asymptoti exponent m an be expressed as a pieewise-linear funtion
of the exponent γ, namely, m = 6− 2γ for γ < γc, and m = γ for γ ≥ γc, reeting the existene of
a ritial value γc = 2. We performed numerial simulations to onrm this result for nite sizes.
Finally, we introdue bounded disorder in the breaking thresholds and nd that below γc disorder
is relevant, i.e., the exponent m is hanged, while above γc disorder is irrelevant.
PACS numbers: 62.20.mm, 46.50.+a, 64.60.av
In 1963 Paris and Erdogan [1℄ postulated that under
fatigue loading a subritial rak grows with a veloity
that inreases with the stress intensity fator, or equiv-
alently the rak length, as a power law with an empir-
ially determined exponent m. Numerous experiments
showed that this law is valid over at least three orders of
magnitude for a very wide spetrum of materials [2℄. The
Paris law (also known as the Paris-Erdogan law) had huge
impliations in engineering sine it allowed to predit the
residual lifetime of loaded materials quantitatively. To-
day this law onstitutes part of basi knowledge and is
taught in elementary ourses on mehanis [3℄. Although
there has been attempts to derive the Paris law in terms
of geometrial and rak-tip damage-aumulation mod-
els (see e.g. Ref. [3℄ and referenes therein), no work has
been apable of establishing a rm onnetion between
the Paris exponent and mirosopi parameters. It is the
aim of our paper to present analytial and numerial al-
ulations relating the Paris exponentm to the loal dam-
age aumulation law. This onstitutes a miro-maro
derivation of the Paris law.
For bodies under yli load with stress range∆σ, sub-
ritial fatigue rak growth follows the Paris law [1℄,
da
dt
∼ (∆K)m = C (∆σ√a)m , (1)
where a is the rak half-length, ∆K ∼ ∆σ√a is
the stress-intensity fator range, and m is a material-
dependent exponent. Integration over time leads to the
Basquin law [4℄, tf ∼ (∆σ)−m, whih relates the life-
time tf (or equivalently the number of loading yles
to failure) to the stress amplitude. Let us note that
while the Basquin law applies to high-yle fatigue with
an exponent m depending on the material struture, at
low-yle fatigue the orresponding empirial relation,
tf ∼ (∆ǫ)−λ, where ∆ǫ is the plasti deformation, is
alled the Con-Manson law and has an exponent λ
that is remarkably lose to 2, at least for polyrystalline
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Figure 1: A very thin rak of length 2a, propagating along
the dashed line in a planar medium subjet to a stress σ0 at
innity. Point P is at a distane x from the rak enter.
single-phased metals [5℄. Reent work [6℄ has shown that,
in the rupture of ber-bundle models subjet to fatigue
damage governed by damage-aumulation funtions of
the form (∆σ)
γ
, the Basquin law is veried with an ex-
ponent given by the damage-aumulation exponent γ.
This brings the question as to whether it is possible to es-
tablish a diret onnetion between a mirosopi damage
aumulation form and the Paris law, via the orrespond-
ing exponents. Here, the term `mirosopi' denotes the
mirometer rather than the atomi (nanometer) length
sale.
In order to address this question, we onsider a linear
rak of length 2a, in a two-dimensional medium subjet
to a transverse external stress σ0 exerted very far from
the rak, as depited in Fig. 1. We model the medium
as omposed of small elements onneted by sti elasti
springs, with separation δr. In the ontinuum limit, and
within linear elastiity theory, the transverse stress at a
point along the rak line, a distane x from the midpoint
2of the rak, is given by [7℄
σ (x; a) = σ0
x√
x− a√x+ a . (2)
Close to the rak tip (x ≃ a), the stress diverges as
σ (x; a) = K/
√
2π (x− a), dening the stress intensity
fator K = σ0
√
πa.
We assume that the medium is under yli load,
with an external stress varying between σmin and
σmax, leading to a stress-intensity-fator range ∆K =
(σmax − σmin)
√
πa. We further assume that fatigue dam-
age is the sole fator driving rak growth, whih happens
only along the rak line [8℄. Speially, the half-length
of the rak inreases by δr when the aumulated dam-
age at the rak tip reahes a threshold value Fthr. Dam-
age inrements are assumed to be given by
δF (x; a) = f0δt (a) [∆σ (x; a)]
γ , (3)
where δt (a) is the number of yles during whih the
rak has length 2a, f0 is a onstant related to the time
sale, and ∆σ (x; a) is alulated from Eq. (2) with σ0
varying between σmin and σmax. The heuristi [9℄ power-
law dependene of the damage inrement an be justied
by invoking onepts of self-similarity [10℄, and γ an be
seen as a stress-ampliation exponent [11℄.
The aumulated damage at point x when the rak
has length 2a is given by
F (x; a) = F (x; a− δr) + δF (x; a) . (4)
Sine the half-length of the rak inreases from a − δr
to a when the aumulated damage F (a+ δr; a) reahes
Fthr, it follows from Eqs. (3) and (4) that
δt (a) =
Fthr − F (a+ δr; a− δr)
f0 [∆σ (a+ δr; a)]
γ . (5)
Here, in order to avoid the appearane of innities, we
assume that the spring attahed to an element at position
x experienes a stress given by σ (x+ δr; a). To a rst
approximation, this is onsistent with the fat that lin-
ear elastiity theory must break down in the immediate
viinity of the rak tip, giving rise to a frature proess
zone or plasti zone [3, 12℄.
Numerial iteration of the above equations reveals a
time dependene of the rak length 2a whih, for large
values of a, reprodues the Paris law, Eq. (1), with a
γ-dependent exponent m, as shown in the inset in Fig.
2. Notie that m (as determined from the slopes of the
log-log plots) seems to reah a minimum value for γ ≃
2. This an be explained as a result of the ompetition
between damage aumulation mostly around the rak
tip, whih happens for γ ≫ 1, and uniform damage along
the whole rak line, whih dominates as γ approahes
zero. The existene of this minimum is onrmed by
alulations of m as a funtion of γ, obtained by power-
law ts of da/dt versus a, using various system sizes L. As
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Figure 2: (Color online) Inset: Log-log plot of the time deriva-
tive of the rak half-length a, as a funtion of a/a0, for var-
ious values of the damage exponent γ. In eah ase, the time
sale was adjusted so that da/dt approahes unity as a ap-
proahes the initial value a0 = 100δr. Main panel: Depen-
dene of the Paris exponent m on γ, for dierent values of the
system size L. The dashed urve orresponds to Eq. (6).
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Figure 3: (Color online) Saling plot ofm versus γ for dierent
values of the system size L, showing onformane with Eq.
(7). The best data ollapse is obtained with x = 0.089.
shown in the main panel in Fig. 2, there are strong nite-
size eets around γc = 2. As L → ∞, the minimum
in eah urve shifts slowly towards m = 2 at γc = 2 ,
suggesting an asymptoti form
m =
{
6− 2γ, for γ < γc
γ, for γ > γc
. (6)
This an be heked by a nite-size saling hypothesis,
1
m (L)− 2 =
{
LxF− (|γ − 2|Lx) , for γ < γc
LxF+ (|γ − 2|Lx) , for γ > γc , (7)
whih, as shown in Fig. 3, is niely fullled by our numer-
ial data with x = 0.089. Both saling funtions behave
as F± (u) ∼ u−1, for u ≫ 1, in agreement with the sug-
gestion that, in the ontinuum limit (L≫ δr), m should
3be a linear funtion of γ for both γ < γc and γ > γc. We
have therefore found evidene that γ = γc is a ritial
point, assoiated with the divergene of the stress inte-
gral along the rak line. Our onlusion that m ≥ 2 is
fully ompatible with values reported for various materi-
als throughout the literature.
The predition of Eq. (6) is onrmed by an analyt-
ial treatment of Eqs. (3)-(5). From the time δt (a0)
during whih the rak length is 2a0, we an alulate
the instantaneous damage F (a0 + 2δr; a0) at the next
rak tip position a0 + 2δr, and then reursively deter-
mine the damage fration at the suessive rak tip posi-
tions, Gn ≡ F (a+ δr; a− δr) /Fthr, from δt (a− δr) and
F (a+ δr; a− 2δr), with a = a0 + nδr. As a result, it is
possible to write the reurrene relation
Gn +
n∑
k=1
gn,kGk−1 =
n∑
k=1
gn,k, (8)
with G0 = 0 and
gn,k =
[
∆σ (a0 + (n+ 1)δr; a0 + (k − 1)δr)
∆σ (a0 + kδr; a0 + (k − 1)δr)
]γ
. (9)
Notie that gn,k is determined by the ratio between the
stress amplitudes at position nδr and at the rak tip,
when the rak has grown by a distane 2kδr. From Eqs.
(5) and (2), it follows that, for a = a0+nδr, with n≫ 1,
da
dt
=
δr
δt(a)
∼ n
γ
2
1−Gn , (10)
so that the saling behavior of the rak growth rate de-
pends on the saling behavior of Gn. This an be inves-
tigated by looking at Eqs. (8) and (9), from whih, if
δr ≪ a0 ≪ nδr, we obtain the asymptoti forms
gn,k ≃


(2δr/a0)
1
2
γ
, for k ≪ a0/δr;
2
γ
2 k−
1
2
γ , for a0/δr ≪ k ≪ n;
(n− k + 2)− 12γ , for k <∼ n.
(11)
It is also easy to show that gn,k has a single minimum
at kmin ≃ n/
√
3, so that, as n → ∞, the sum on the
right-hand side of Eq. (8) has a power-law divergene
n1−
1
2
γ
for γ < 2, while it onverges to a nite value
Cγ = ζ(
1
2
γ)−1 for γ > 2, where ζ(x) is the Riemann zeta
funtion. It follows that Gn approahes Cγ/(1+Cγ) < 1
for γ > 2, and from Eq. (10) we immediately see that
m = γ. On the other hand, numerial alulations show
that, for γ < 2, Gn asymptotially approahes unity; al-
though we were not able to derive an analyti expression,
it an be readily heked numerially that in this ase
1−Gn ∼ n−3(1− 12γ), (12)
leading, when ombined with Eq. (10), to m = 6− 2γ.
For γ > γc = 2, in the light of Basquin's law, the
predition m = γ is ompatible with the result obtained
in Ref. [6℄, stating that the Basquin-law exponent is
given by the damage exponent γ. This is no longer valid
for γ < γc. However, the models studied in Ref. [6℄
involve randomness in both fatigue and stress thresholds
as additional ingredients.
In order to investigate the eets of disorder on the
Paris exponent, we introdue a distribution of values of
the fatigue thresholds with lower (upper) uto F1 (F2),
so that eah lattie point has a loal threshold F1 ≤
Fthr(x) ≤ F2. An obvious onsequene of the disorder
is that, depending on the disorder strength and on the
damage exponent γ, it is possible that a point far from
the rak tip reahes its loal fatigue threshold before a
point loser to the rak tip. This leads to the ourrene
of rupture avalanhes, in muh the same way as in ber-
bundle models (see e.g. Ref. [13℄).
Conditions for the appearane of avalanhes an be
derived from the analytial approah presented above.
Avalanhes will our if, for some rak length 2a, the
loal threshold at position a+δr is less than the aumu-
lated damage at that position when the rak had length
2(a− δr), i.e. Fthr (a+ δr) < F (a+ δr; a− δr). As the
fatigue thresholds are no longer the same for all points,
Eq. (8) eases to be valid. However, F (a+ δr; a− δr)
an still be written as a linear ombination of the thresh-
olds of the points loser to the rak enter, with oe-
ients related to the stress ratios gn,k. In the absene of
any previous avalanhes, and for γ > γc = 2, the value of
F (a+ δr; a− δr) is limited by F2 times the asymptoti
value of Gn, i.e. F (a+ δr; a− δr) ≤ F2Cγ/ (1 + Cγ).
Sine F1 ≤ Fthr (a+ δr), we onlude that avalanhes
will our if
F1 − F2 Cγ
1 + Cγ
≤ 0 ⇒ F1
F2
≤ Cγ
1 + Cγ
. (13)
On the other hand, for γ < γc, any nite amount of
disorder leads to the ourrene of avalanhes.
Conrmation of this predition, as well as further in-
formation on the eets of disorder, an be obtained from
numerial alulations. In order to analyze the results of
those alulations, we integrate the Paris law to obtain
1− (a0/a)
1
2
m−1
= Bt, (14)
where B is a m-dependent onstant related to the inverse
rupture time. Introduing fatigue thresholds uniformly
distributed between F1 and F2, numerial iteration of
Eqs. (2) and (3)  modied to aomodate loal thresh-
olds  shows that, for γ > γc, plots of 1 − (a0/a)
1
2
m−1
for large times (not shown) remain straight lines, with
the same value of m = γ as in the absene of disorder;
however, for suiently small values of f = F1/F2, the
oeient B beomes disorder-dependent.
For γ < γc, we onrm the ourrene of avalanhes for
any amount of disorder. Also, as shown in Fig. 4 (main
panel), the predition of Eq. (14) is no longer veried,
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Figure 4: (Color online) Resaled plots of the rak length for
γ = 1
2
and various ratios f = F1/F2 between the minimum
and maximum values of the fatigue thresholds. Main panel:
resaling as given by Eq. (14). Inset: resaling with an expo-
nent 1.14 6= 1
2
m− 1. All urves were obtained for system size
L = 215 and averaged over 500 disorder realizations.
indiating that the Paris exponentm is atually modied
by the introdution of disorder [14℄. The new exponent
m′, whih reovers the linear behavior predited by Eq.
(14), is almost independent of the ratio f , for suiently
strong disorder, as also shown in Fig. 4 (inset), and we
have heked that in this limit the ratio (m′−2)/(m−2)
is independent of γ, being given approximately by 0.76.
We have been able to derive analytially and onrm
numerially the Paris law and found that its exponent m
is a funtion of the damage exponent γ desribing the mi-
rosopi damage aumulation law. To our surprise we
disovered that γc = 2 is a ritial point haraterized by
a saling law and a ritial exponent whih separates two
regimes with dierent linear funtions m(γ). In addition
we also studied the role of disorder and found again that
γc = 2 plays a speial role: disorder is relevant below it
and irrelevant above it. Our results an have far-reahing
onsequenes in the understanding and ontrol of subrit-
ial rak propagation. On one hand the disovered rela-
tion between the damage and the Paris exponents, whih
in priniple ould be heked experimentally, ould help
to predit lifetimes of samples by studying the veloity of
small raks. As we found, the value γc = 2 is very spe-
ial. For example, to avoid the inuene of disorder one
must try to stay above γc. Finally, it is important to men-
tion that the exponent γ of the damage aumulation law
is material dependent and ould therefore play a entral
role in the engineering design to inrease the robustness
and optimize the mehanial performane of the system.
The derivation of power-law damage-aumulation fun-
tions from atomisti proesses would be of muh interest,
and represents a big hallenge for future work.
We would like to thank Stefano Zapperi for helpful
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